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Tle temperature of water in a tub at rime £ is modeled by a strictly increasing, twice-differentiable fumction W,

Question 1
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¢ (minutes) 0 4

9

I5

20

W(r) (degtees Faliwenheit) | 55.0 | 57.1

61.3

67.9

71.0

3

where W (r) is measured in degrees Fahwenheit and 7 is measured in minutes. At time ¢ = 0, the temperature of

the water is 55°F. The water is heated for 30 minutes, begiuning at time 1 = 0. Values of W{¢) at selected
times ¢ for the tirst 20 minutes are given in the table above.

(a) Use the data in the table to estimate #'{12). Show the computations that lead to your answer. Using correct
units, interpret the meaning of your answer in the context of this problem.

)

©

(d)

. P _ L _ L p20
Use the daia in the table to evaluate J‘o W'(¢t) dt. Using correct units, interpret the meaning of IO W(r) dt

in the context of this problem. ‘

S 20 ,
For 0 < ¢ < 20, the average temperature of the water in the tub is %L} W(t) dr. Use a left Riemann sum

. . . . . 20 .
with the four subintervals indicated by the data in the table to approximate 51_5-'.0 W(t) dr. Does this

approximation overestimate or underestimate the average temperature of the water over these 20 minutes?

Explain your reasoning.

For 20 £ 7 5 25, the function W that models the water temperature lias first derivative given by
W) = 0.4f c0s{0.067). Based on tlie model, what is the temiperature of the water at time = 259

(a)

(b)

(©)

(d)

W(15)-w(9) 67.9-61.8
15-9 6
=1.017 (or 1.016)
The water temperature is increasing at a rate of approxinately
1.OI7°F per minute at tinte ¢ = 12 minutes.

w(12) =

20
jo W) dt = W(20) - W(0) = 71.0 ~ 55.0 = 16
The water has warmed by 16 °F over the interval from 7 = 0 to
¢t = 20 minutes.

%JSOWU) dr = 2—10(4- W(0)+5-W(4) +6-W(9)+5-W(15))

:3%(4-55.0+5-57.£+6-61.8+5-6?.9)

= -1(—)— 12158 = 60.79

=5
This approximation is an underestimate, Decause a left Riemann
sum is used and the function ¥ is strictly increasing.

25
w(25) = 71.0+J',,0 W(1) dit
= 71.0 + 2.043155 = 73.043
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Question 2

Let R be the region in the first quadrant bounded by v
the x-axis and the graphs of y =Inx and v =5 - x, 1
as shown in the figure above.

(a) Find the area of R.

(b) Region R is the base of a solid. For the solid,
each cross section perpendicular to the y-axis is

a square. Write, but do not evaluate, an o I
expression involving one or more integrals that
gives the volume of the solid.

(c) The lorizontal line v = & divides R into two regions of equal area. Wiite, but do not solve, an equation
mvolving one or more integrals whose solution gives the vahie of k.

Inx=5-x = x=3.69344

Therefore, the graphs of v = In x and y = 5 - x intersect in
the first quadrant at the point (A, B} = (3.69344, 1.30656}.

B ) .
() Area = JO (5 —ry- "’}) dy J ! : integrand
= 2.986 (or 2.985) 314 1 limts
l 1 : answer
OR

4 5
Area = L Inydxe+ L(S —~x)dx
= 2.986 (or 2.985)

A 5 -
(b) Volume = j (nx)? de+ [ (5= x) dx 3 {2 integrands
1 4 1 : expression for total volume

| : integrand

¥
(c) _[0 (5~y=e")dy= % - 2.986 (01' % : 2.985) 341 limits

1 equasion

©@ 2012 The College Board.
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Let / be the continuous function defined on [-4, 3] 1

whose graph, counsisting of three line seguents and a
semicircle centered at the origin. js given above. Let g

be the fimction given by g(x) = L i St} dr
(a) Find the values of g(2) and g(~2).

(b) Foreach of g'{(-3) and g”(~3), find the value or ’ _/\
state that it does not exist,

(¢) Find the x-conrdinate of each point at which the
graph of g has a horizontal tangent line. For each Graph ol f
of these points, determine whether g las a relative minimun, relative waximum, or neither a mininmm nor
& maximun at the point. Justify your answers.

(d) For -4 < x < 3. find all values of x for which the graph of g has a point of inflection. Explain your

feasoning.
2 .
@ #2)= [ ) dr= -1} = -1 ,. { ! :ggzg) |
-2 4 RrA
g =["rwyar =] rina
= m(é - Zi) z_3
2 2 2 2
®) g(x)=flx) = g(-3)= f(-3)=2 5 { 1:2(=3)
)= 1) = g"=3) = f(-3)=1 1 g"-3)
(c) The graph of g has a horizontal tangent line where L : considers g'(x) = 0
g'(x) = f(x) = 0. This occurs at x = —1 and x = 1. 3 {l:x=~landx =1

I - answers with justifications
L4 L . [ .
¢ (x) changes sign from positive to negative at ¥ = —1.

Therefore, g has a relative maximum at x = -]

g'(x) does not change signat x = 1. Therefore. g has
neither a relative maximum nor a relative minimum at x = 1,

(d) The graph of g hasa point of inflection at each of 5. I : answer
*=-2, x=0,and x =1 because g”(x) = f “(x) changes " | I : explanation
sign at each of these values.

© 2012 The College Board.
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CQuestion 4

The function £ is defined by f{x) = V25— x> for 5<x <5,
(ay Find f’(x).
(b) Write an equation for the line tangent to the graph of f at ¥ = -3.

o flx) for-5<x¢<-3
Let g be the fuuction defined by g(x) =
(c) Let g be the fuuction defined by g(x) {r+7 for-3<x<s.

Is g contimious at x = -3 ? Use the definition of continuity to explain your answer.

(d) Find the value of J';.NZS - x% dv.

(a) f’(x) F1 —fz-(Z‘i - xz)_ifz(_zx) = E%:z', —S<x<Ss 2: f’(.\’)

, 3 3
(b) f(_3):mzz Jl
l I : answer

f(-3) =350 =4

Aun equation forthe tangent lingis y = 4 + %(x +3).
(¢) lim g(x)= lim f(x)= lim V25 -+’ =4 { 1 : considers one-sided limits

x—-3" x—-3 -3 2: ; :

1 answer with explanation

lim g(x)= Hm (x+7) =

PO o P

Therefore, lim g(x) = 4.
x—-3
g(-3)=f(-3)=4
So, lim g(x) = g(~3).
Xx—=—3

Therefore. g is continuous at x = -3.

(d) Letn=25~x" = du=-2xdx . {2 : antiderivative
5 1] | . R
j‘o V25 - x% dx = ——]—I Vi du answet

JE e
2 3 u=25

= ~—(o- 125) = ﬁ

© 2012 The College Board.
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- Question b

The rate at which a baby bird gains weight is proportional to the difference between its adult weight and itg
current weight. Attime ¢ = 0, when the bird is frst weighed. its weight is 20 grams. If B(r) is the weiglit of the
bird, in grams, at time ¢ days after it is first weighed, then

dB _ 1.
= = 5(100-5B).

Let y = B(r) be the solution to the differential equation above with initial condition R(0) = 20.

(a) Is the bird gaining weight faster when jt weighs 40 grams or when it

weighs 70 grams? Explain your reasoling. 1
2 2 -és
(b) Find %——f- in terms of B. Use %éi to explain why the graph of B k)
H dt £
5
cannot resemble the following graph. 3

(c) Use separation of variables to find v = B(t). the particular solution to
the differential equation with initial condition B(0) = 20.

4]
Finmwe (days)

dB N PR v dB
(a) o I 5(60)- 12 5. ) Liuses 7
1 : answer with reason
dB 1
~‘&’}—’H‘:T"G b g(?’O) =6 ‘
f
Because 72 > 9B , the bird is gaining
flg=90 dt]g=19

weight faster when ir weighs 40 graus,

2

dB8__1d3_ 11 = -1 00 d'B .
(b) SIS g TS 5(1{)0 B) = 25(100 B) p. L % in terms of B
Therefore, the graph of B is concave down for I : explanation

20 £ B < 100. A portion of the given graph is
concave up.

a3 1

(c) - = E( 100 - B) 1 : separation of variables
" 1 : antiderivatives
T dB = | - qf . . .. .
160 - B 5 5: : constant of integration

- uses initial condition
: solves for B

e it ek e

~lu[100~ 8| =L+ C
“Because 20 < B < 100, {100 - B| = 100 - 3,

~1n(100 - 20) = ,i_(o) +C > -n(80) = C Note: max 2/5 [1-1-0-0-0] if no constant of
; ' integration

100 ~ B = 8067/

B(£) =100 ~80e7/%, ;320 Note: 0/5if no separation of variables

© 2012 The Collegs Board. .
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Question 6

For O < + £ 12, a particle moves along the x-axis. The velocity of the particle at time ¢ is given by

v(t) = cos(-‘g—z). The patticle is at position x = —2 at time 7 = 0.

{a) For 0 <t <12, when is the particle moving to the lefl?

(by 'Write. but do not evaluate, an integral expression that gives the total distance traveled by the particle from
time ¢ = 0 to time ¢ = 6.

(¢) Find the acceleration of the particle at time ¢ Is the speed of the particle increasing, decreasing, or neither at
tine £ = 4 7 Explain your reasoning.

(d) Find the position of the particle at time ¢ = 4.

(a) v(t)= cos(%!) =0 = t=3,9 J' 1 : considers (1) = 0
l 1 :interval
The particle is moving to the left when {1} < 0.
This occurs when 3 « 7 < 9,

6
() _[0 |v(#)| dt 1 : answer
©) a(t)= m%sin(%t) 3. j 1:a(t)
"] 2 : conclusion with reason
N L AT 2
a(4) = G.Slll( 3 )-- 3 < 0

v(4) = cos(%—) = u% <0

The speed is increasing at time ¢ = 4, because velocity and
acceleration have the same sign.

| dt 1 : antiderivative
3: ¢ 1 :uses initial condition

|
I
) 0

33
T

(d) x(4)=-2 +f cos(

o
= 24 2 sin(

hE}
2

N E NP

wltg:

+

EI

= -2 4 —§—
X
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